This study aimed at the development of vibration-based health monitoring methodology for thin circular plates. The possibility of using the first several natural frequencies of a circular plate for damage detection purposes was investigated first. The study then suggested a damage detection method, which considered a vibrating plate as a dynamic system and used its time-domain response represented in a new phase (state) space to extract damage sensitive characteristics. The paper introduced the idea of using large amplitude vibrations and nonlinear time series analysis for damage detection purposes. The suggested damage detection approach explored the possibility to use certain characteristics of the distribution of phase space points on the attractor of the system. It studied the histograms of this distribution and attempts to extract damage sensitive features. Three damage features were suggested and they are shown to detect damage at a rather low level using a finite element model of the plate. The method suggested was rather generic and permits development and application to more complex structures and real data.
Introduction
Damage generated within a structure usually leads to changes in the physical properties of the structure, which in turn result in changes in its vibration response. Vibration health monitoring (VHM) is a method, which uses the changes in the vibration response of structure for the purposes of fault (damage) diagnosis. VHM is generally accepted as a method for fault diagnosis, but its practical application to a number of structures still poses problems and challenges. This is why establishing the applicability of VHM to a certain type of structures is already an important step towards the eventual development of a practically applied procedure. The applicability as well as the concrete development of a VHM method is very much case dependent and is normally aimed at a certain structure or type of structures. The changes in certain vibration characteristics are also case dependent and they depend on the structure, the material, the support conditions, as well as the environmental factors. As far as damage is in most cases a local phenomenon, its influence on the global dynamic characteristics of the structure, such as lower natural frequencies, might be weak for some structures. But this is not a rule and the sensitivity of the lower natural frequencies to damage should be established for a certain structural type. Even in cases where the natural frequencies turn out to be damage sensitive, special care should be taken about other factors influencing these frequencies. In general it is assumed that the vibrating structure does not interact with the environment, and that there is no influence of any surrounding temperature or fluid or that this influence can be neglected. However, the influence of the environmental conditions on the lower natural frequencies might represent an additional problem when using these natural frequencies as damage features [1] . In a recent paper we developed a procedure, which can take into account the influence of an acoustic cavity around the circular plate on its lower natural frequencies and eventually exclude this influence [2] . Thus, the pure structural natural frequencies can be extracted from the measured ones, which are subjected to a certain fluidstructure interaction. This procedure allows to use the lower natural frequencies of a certain structure as damage features in case they show enough sensitivity to certain defects.
This paper aims at the development of a viable VHM method for thin circular plates. Accordingly, we first examine the sensitivity of the lower natural frequencies to certain types of damage and attempt to establish the type and size of defects, which may be detectable using these frequencies. As it is expected, the sensitivity of the first several natural frequencies to damage is rather limited. It is known that small damage is easier to detect examining large amplitude vibrations, which are much more affected by the nonlinearities in a structure. The next task of the paper is therefore to introduce and develop an alternative damage detection approach. It uses large amplitude vibrations and is based on the time-domain structural vibration response This approach suggests the use of nonlinear time series analysis to account for any nonlinearities, including damage, which become more important when large amplitude vibrations are present. The time-domain signal analysis was found to have a number of advantages compared to other plausible damage detection procedures e.g. mode shape-based methods and methods using finite element (FE) model updating. The use and the comparison of the structural mode shapes is not that straightforward and might involve the estimation of curvatures which will introduce further inaccuracies [19] . FE model updating methods might give a false alarm due to discrepancies between the modeled and the measured structural vibration response. The use of the pure time-domain measured structural response does not involve any assumptions for model and/or linearity and is not expected to suffer any of the above problems. The idea of using the timedomain structural response and nonlinear time series analysis for damage detection is not new. It has been explored by authors of this study [3, 4] as well as by others [5] [6] [7] [8] . The novelty of the suggested approach is in the utilization of the distribution of phase space points and their histogram to establish certain damage sensitive characteristics. The paper also suggests a simple and straightforward method to estimate these characteristics from measured data. Since these are statistical characteristics and they characterize the distribution of phase space points on the attractor, they are expected to be somewhat robust to noise and environmental changes. Such circumstances may be considered to partly relieve the necessity to take into account the influence of noise and environmental conditions on the dynamic response of the structure.
2 The Plate, the Model, and the
Considered Damage
This study is based on FE modeling. A thin circular aluminium plate of a radius of 500 mm and thickness of 5 mm is modeled using 3D elements. The geometrically nonlinear version of the so-called Raisner-Mindlin plate theory was used to describe the dynamic plate behavior and to account for large amplitude vibrations. This theory takes into account the influence of the shear stress and angular rotations on the plate behaviour and gives more adequate results than the classical one especially in the case of nonlinear and large amplitude vibrations.
The Raisner-Mindlin theory and its FE modeling application are considered in detail in e.g., [16, 17] . The same theory was used by the authors to model large amplitude vibrations in other structures [18] . In order to excite large amplitude vibrations the plate is subjected to harmonic excitation with frequencies 1000 and 2000 Hz close to the first and the second natural frequencies of the plate (! 1 ¼ 1250 Hz, ! 2 ¼ 2100 Hz). The following material characteristics were assumed for aluminium: Young's modulus E ¼ 7 Â 10 10 N/m 2 , Poison ratio ¼ 0.34, density ¼ 2778 kg/m 3 . Two types of damage in the plate are considered: (1) concentrated damage in the form of a crack and (2) distributed damage, which might be a result of corrosion or crack distribution. Cracks were modeled by disbanding a number of elements in the plate. The size of the crack was modified by changing the number of disbanded elements. Distributed damage was modeled by stiffness reduction in a certain region of the plate. Several levels of distributed damage were considered by different stiffness reductions levels. The loading was applied in the middle of the plate and the vibration response was calculated for 60 equidistantly distributed points on 12 radiuses of the plate at an angle of 308 from each other, so that each 12 points form a circle with center in the plate center and with radiuses of 100, 200, . . . , 500 mm. The plate was clamped at the periphery. The three damage scenarios considered are shown on Figure 1 . The crack is assumed to start from the end of the plate and propagate towards its center. The distributed damage is assumed to cover a small square with a 50 mm side. Two locations for such distributed damage are consideredcentral damage (case A) and end damage (case B). In case A the center of the square is in the center of the plate while in case B the square center is 470 mm from the center of the plate.
The Lower Natural Frequencies of the Plate and Damage Detection
It was found that the first natural frequencies of the plate are not notably affected by damage.
The results for the relative changes in per cent in the first six natural frequencies of the plate caused by a crack and by distributed damage are shown in Table 1 . The higher frequencies (from the seventh to the tenth) were found to undergo even smaller changes than the first six ones in this particular case. This is the reason why they are not shown in the table.
Small cracks are not likely to affect the first natural frequencies and this is the case with a lot of structures. In this particular case it was found that cracks, with length 520% of the plate radius (100 mm), cause a negligible reduction in the first 10 natural frequencies, which was calculated to be not larger than 1.2%. But cracks with length equal to and longer than 100 mm caused more visible changes of about 5% and more in some of the first 10 frequencies (Table 1) . Small changes (e.g. 55%) in the natural frequencies, can be caused by a number of factors including temperature changes, interaction with a fluid, or even just noise. In this study 5% was used as a threshold value and it was assumed that changes of 55% will be considered insufficient for the purposes of damage detection. Accordingly, it was assumed that the lower natural frequencies are not appropriate to detect thin cracks of length 520% of the plate radius. Distributed damage up to a certain level incurred very small or no changes of the lower natural frequencies. Stiffness reduction of 30% in a small square (50 mm Â 50 mm) in the center of the plate changed some of the natural frequencies with about 5%. Stiffness reduction of about 40% was required for the same size square close to the end of the plate to get a similar drop in the natural frequencies. Table 1 shows the relative changes in percent in the first six natural frequencies for the case of central defect (case A) and side defect (case B) for different stiffness reductions between 30% and 50%. Smaller stiffness reductions (530% for the central defect and 540% for the side defect) caused much smaller changes of 52.5% in the lower natural frequencies so it was assumed that the first six natural frequencies are not appropriate for detecting distributed damage at lower levels.
The State-space Approach and Damage Detection
The state (phase) space approach has been used for analysis of vibrating systems and for VHM purposes in several previous papers [3] [4] [5] 8] and we shall introduce it very briefly here. It presents a way to study the time-domain structural response. The measured structural response is normally represented by 1D variables (acceleration, displacement, velocities). But the structure considered is much more complicated and thus cannot be represented in a single dimension. In essence the state space approach finds a new multidimensional space, in which the dynamics of the structure can be fully reconstructed from its measured response [9] . It is assumed that the vibrating structure can be represented like any dynamic system by the following system of differential equations [4, 9] :
But normally the original space x as well as the vector function F in equation (1) are not known. The state space approach is based on Taken's theorem, which asserts that the above system's dynamics can be recovered in a new space y made of time lags of a measured scalar time-dependent system variable s(n) ¼ s(g(x(n)). The new vectors y yðnÞ ¼ ½sðnÞ, sðn þ TÞ, . . . , sðn þ ðm À 1ÞTÞ ð2Þ is composed simply of time lags of the observation which define the motion in an m-dimensional Euclidean space. In particular it is shown that the evolution in time of the points yðnÞ ! yðn þ 1Þ follows that of the unknown dynamics xðnÞ ! xðn þ 1Þ [9] . T and m are properly chosen time delay and dimension, respectively. Thus, it is shown that if we are able to measure a single time-dependent quantity characterizing our vibrating structure like e.g., its acceleration or displacement then one will be able to find a new multidimensional space constructed of time lags of the measured variable in which the dynamics of our structure can be fully reconstructed. The time lag and the dimension of the new state space are known as its embedding parameters. The proper choice of these parameters whilst out of the scope of this paper is explained in detail in e.g., [10, 11] . Once the new state space is found one needs to reconstruct the dynamics of the system in it. Since in most cases an explicit relation describing the dynamics of the system is not known, there are alternative characteristics in the state space which can be used. One way to characterize the dynamics of a structure in a state space is to use its dynamic invariants, which are closely related to its modal characteristics-natural frequencies and mode shapes [3, 4, 8, 9] . A serious obstacle is the difficulty to determine the dynamic invariants from measured data [4, 10] . An alternative way to characterize the dynamics of a structure in a state space is to study its attractor -the subset of the state space where all trajectories of a dynamic system converge [9] [10] [11] . The attractor, like any set of points, can be characterized by its statistical characteristics-distribution of the points, mean value, variance, and higher statistical moments. These characteristics give information about the geometry of this set and its main properties. The ergodic theory [12] relates the dynamic invariants and the statistical characteristics of the attractor and permits the invariants to be viewed as invariant statistical quantities of the attractor. Since it is clear that most damage scenarios affect the modal characteristics of a structure then it can be argued and some of ours and other authors' research show that damage can affect the invariants of the motion of a vibrating structure and hence -the geometry of its state space [3] [4] [5] 7, 8] .
This piece of research concentrates on studying the distribution of points on the attractor and analyzing the effect of damage on some of its statistical properties for the case of a circular plate. The novelty of the approach applied here is that it studies the joint 2D histograms of the distribution of points and derives viable damage detection features on the basis of this study. Three global damage detection features are suggested, which can be used to detect damage in circular plates.
Reconstructing the State Space of Vibrating System and a Set of Points on it
The measured quantity s(n) of a vibrating system which can be used to reconstruct its state space is given in terms of either acceleration, velocity, or displacement in a given point. The accelerations provide a quantity which is easy and straightforward to measure and for the purposes of this method we focus on the measured accelerations. A proper time lag T between two consecutive measurements is found using the average mutual information [11] . A dimension m ¼ 2 is used here assuming that most of the statistical characteristics of the attractor will be preserved [3, 4] . Suppose one measures a long enough acceleration record. It can be represented by an acceleration vector a as follows:
where a(t i ) are the measured accelerations in the time moments t i , i ¼ 1, 2, . . . , n, n is large enough, and the superscript . . . ½ T stands for transpose. The normalized response of the structure w is used here (in order to make it independent on the excitation), which can be formed by dividing the acceleration response values to the maximum value of the excitation vector [u]
where u k , k ¼ 1, 2, . . . , N make the excitation (force) vector, which is formed the same way as the vector a from Equation (3). The vectors w are used to obtain the new state space points y. From a vector w one can obtain n À 1 2D state space points:
The y vectors (5), made of the time lags of the normalized accelerations, define the new phase space. A set of N points y k , k ¼ 1, 2, . . . , N, is then randomly chosen on the response attractor and N B nearest neighbors are found for each point in the sense of Euclidean distance, y 
The Statistical Distribution of Phase Space Points and Damage Detection
In order to examine the distribution of the set of points Y n obtained above it is useful to construct its histogram. The obtained set Y n contains 2D vectors y i q , so we are interested in the joint (2D) histogram of this set. The first thing one needs to confirm is if this joint distribution undergoes changes with damage. The joint histograms for the non-damaged case and for both damage cases, a crack and distributed damage, for different damage levels will be examined.
Different frequencies of harmonic excitation close to the natural frequencies of the plate (e.g., 1000 Hz/! 1 ¼ 1250 Hz, 2000 Hz/! 2 ¼ 2100 Hz, 2600 Hz/! 3 ¼ 2700 Hz, 5000 Hz/! 6 ¼ 4900 Hz) were applied.
All the results given below correspond to harmonic excitation with frequency 1000 Hz and 1000N amplitude.
We concentrate first on the problem for crack detection. The size of the crack was varied as explained above (&2). We explored different locations and different sizes and it was found that a crack, which is less than 5% of the plate radius (25 mm) causes very small changes in the histogram of the points Y i . The average relative Euclidean distance between the two histograms, which can be used to judge for the difference between them, is defined as follows:
where h j are the points on the histogram of the undamaged state and h d j are the points on the histogram of the damaged state and K is the number of points on the histograms. The distance d represents the average relative change in the lengths of the vectors h j as a result of the introduced damage, which can be given in per cent similarly to the way we represented the change in natural frequencies. This distance was rather low, more precisely it was 50.01 (1%) for the case of cracks, which are 55% of the plate radius. With the growth of the cracks this distance increases. Table 2 contains the distances d in per cent for the case of a horizontal crack (Figure 1 ). It can be seen that this distance can be used to detect the presence of a crack. Figure 2 (a) and (b) gives the histograms for the case of no damage as compared to the histograms for two crack sizes 30% and 10% cracks. The first conclusion by looking at the histograms is that they obviously change with the introduction and the growth of the crack. Another trend that can be observed from the histograms is that the distributions become more 'ordered' and approach the normal distribution with the introduction and the growth of a crack.
The next question is to find some characteristics that change with damage. We already introduced the average relative Euclidean distance between the joint histograms and this seems one possibility for a crack detection feature. Another feature, which can be perceived by looking at the joint histograms, is the spread. It can be seen that it goes down with damage -the histogram that corresponds to the nondamaged case has a much bigger spread than the ones corresponding to the damaged states. The same can be observed for the symmetry of the distributions -the less the damage the less symmetric the distribution becomes. So the nondamaged state seems to possess the least symmetric distribution, while the histogram corresponding to the biggest crack is the most symmetric one. Thus, the most 'disordered' state corresponds to the nondamaged case and introducing damage makes the dynamics more ordered and the most symmetric geometry with the least spread corresponds to biggest damage. These conclusions are in agreement with previous observations which conclude that the dynamics of the structure characterized by the set of points Y n becomes more 'ordered' with damage [3] [4] [5] [6] [7] . The two statistical characteristics associated with the spread and the symmetry of the distribution are the variance and the skewness, which are given by the second and the third moments of the distribution. These characteristics can be defined by the following scalar variables for a multidimensional distribution:
where M is the number of points Y i , i ¼ 1, . . ., M, Y is the sample mean vector, and S is the sample covariance matrix. The above quantities were introduced by Mardia [13] and we shall call them sample multivariate variance and skewness s. These quantities give an average overall estimate of the variance and skewness of the distribution of points Y. In order to perceive the changes that the parameters and s undergo with damage, instead of using the values for and s one can introduce relative changes compared to the nondamaged case (similar to the average relative distance between the histograms introduced by Equation (6)). They are introduced as follows:
where n and s n are the values of the sample variance and skewness for the nondamaged case and and s correspond to the current (possibly damaged) state. We have taken the absolute value of the skewness change since s n and s can be positive or negative and we are interested in the overall change of the skewness. The values of the above changes in percent together with the distance d between the histograms in percent are presented in Table 2 . It can be observed that all these characteristics change with the introduction and the growth of a crack.
It should be noted though that a crack with length 55% of the plate radius causes rather small changes in all the observed parameters d, , and s. This suggests that such cracks with length 525 mm will be difficult to detect on the basis of these parameters.
The next results correspond to the case of distributed damage, which may be caused by corrosion, erosion, or multiple cracks for the case of brittle materials, when eventually the cracks cover a whole area of the structure. The damaged areas are shown on Figure 1 . We consider two cases -central damage (A) when the center of damaged zone is in the plate center and an end damage (B) when the damaged zone is close to the plate end. In both cases the damaged area covers a small square (50 mm Â 50 mm) of the plate surface. Damage is introduced by a certain stiffness reduction in the whole area. Different damage levels are introduced by different stiffness reductions -between 10% and 50%. The same parameters as for the case of crack are tracked with damage. Figures 3 and 4 presents the histograms for the case of the nondamaged plate as compared to those corresponding to different damage levels for damage case A. The same trends that were observed in the histograms for crack can be perceived in these histograms as well, namely the spread goes down with damage and the symmetry increases. So the biggest spread corresponds to the nondamaged case, while the smallest one is the one corresponding to 50% stiffness reduction, which is the maximum damage considered here. And the most symmetric distributions are the ones corresponding to the highest level of damage (50% stiffness reduction) while the least symmetric one is the one for the nondamaged case. The results for the relative changes in the parameters d, , and s for the case A and case B damage are presented in Tables 3 and 4 . The changes are bigger for the case of central damage A, where all the inspected features change more with damage compared to the changes that take place for damage case B. It can be observed that all the suggested parameters d,
, and s undergo sufficient changes with the distributed damage and stiffness reduction from 10% on can be detected on the basis of these parameters. It should be noted that 10% stiffness reduction for the case of end damage B causes much bigger changes in and s compared to the changes induced in d, which are rather small to be used for damage detection.
Noise Sensitivity of the Proposed Method
To test the robustness and the noise sensitivity of the developed method and the damage features to noise, a number of vibration response vectors were generated by adding a certain level of random white noise to the FE-generated acceleration response. Different noise levels were investigated, namely 1, 3, and 5% noise. Each data set corresponding to certain noise level contained 1000 vibration response vectors in total, 100 of each type of damage included in the investigation (Table 5) . Table 5 shows the number of correctly recognized (as damaged or nondamaged) cases. It can be seen from the table that in general the percentage of correctly recognized cases is rather high -not less than 89%. The highest erroneously recognised cases corresponds to low damage levels -5% crack and 10% stiffness reduction. This is because for low damage the response of the plate is quite close to the original response and the addition of noise makes it even more undistinguishable from the undamaged response. It can be noticed that when the noise level increases the miss-recognized cases -the highest percentage of erroneously classified as nondamaged cases (10-11%) correspond to the 5% noise level. But in general the method and the suggested damage indexes demonstrate quite good performance even with noise-contaminated data. Thus the method should be applicable to real data which normally contains a certain level of noise. All the three suggested damage indexes demonstrate similar performance for noisy data and there is no evidence that any of the indexes performs considerably better or worse than the rest. In conclusion it should be noted that any of the suggested damage indexes can be used quite confidently even in noisy environment.
Some Comments and Deductions
This study deals with the problem for damage detection in a thin circular plate. Two types of damage are considered -crack and distributed damage located in the center of the plate (damage A) and close to the end (damage B). The paper investigates first the sensitivity of the lower natural frequencies to both types of damage. The first several natural frequencies are easy to determine from experiment and should be always considered as a first resource for possible damage features. Another advantage of using the first several natural frequencies is that they can be determined when the structure is subjected to small amplitude vibrations, e.g., a tap. In this particular case the lower natural frequencies demonstrate observable changes for rather high level of damage for both damage types considered. Therefore they cannot be used as viable damage features. This study also offers another approach for tracking the changes in the vibration response of the plate caused by damage, which is based on the plate's time-domain response. This approach uses the distribution of points on the attractor of the dynamic system to extract damage sensitive features. The method suggested is quite generic since it is solely based on the measured structural vibration response. Therefore, it permits development and application to different more complex structures, which are difficult to model precisely, as well as to real measured data. In this particular case it has been developed and applied to a FE model of a thin circular plate. Three possible candidates for damage features are extracted after studying the joint histograms of state space variables for the nondamaged case and the cases of damage. The parameter which undergoes the biggest changes is the skewness of the distribution of points, while the distance between the histograms is the least changing one. According to our results central damage (A) can be detected more easily than a side defect (B) ( Tables 3 and 4 ). All the three damage features suggested can be easily extracted from the measured vibration response and can be used to detect the presence of a crack and/or distributed damage at a rather low level. Therefore they all present viable damage features.
The noise sensitivity and the robustness of the method and the suggested damage features were tested using a numerical experiment adding certain levels of noise to the FE simulated vibration responses and using the number of correctly recognized (as damaged or nondamaged cases). The success rate of the method using any of the suggested features was found to be above 90% and higher for the lower noise levels. Most of the miss-recognized cases corresponded to low damage and 5% noise. On the basis of these results the method and the features offered were found to be robust enough to noise of up to about 5%. 
